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∇2φ = ρ (1)

∇φ(x + ∆/2) ≈ φ(x + ∆)− φ(x)
∆

(2)

∇2φ(x) =
(φ(x + ∆)− φ(x))/∆− (φ(x)− φ(x−∆))/∆

∆
(3)

=
φ(x + ∆) + φ(x−∆)− 2φ(x)

∆2
(4)

φ(x) =
φ(x + ∆) + φ(x−∆)

2
− ρ(x)

2∆2
(5)

φn+1(x) =
φn(x + ∆) + φn(x−∆)

2
− 2ρ(x)

∆2
(6)

∇2φ(x) =
φ(x + ∆) + φ(x−∆)− 2φ(x)

∆2
(7)

φ(x) =
∑

k

φ̂(k) exp(ikx)

ρ(x) =
∑

k

ρ̂(k) exp(ikx) (8)

∑

k

φ̂(k) exp(ikx) =
∑

k

φ̂(k)
exp(ik(x + ∆) + exp(ik(x−∆))

2
−

∑

k

ρ̂(k) exp(ikx)/2∆2

=
∑

k

φ̂(k) exp(ikx)
exp(ik∆) + exp(−ik∆)

2
−

∑

k

ρ̂(k) exp(ikx)/2∆2

=
∑

k

exp(ikx)(φ̂(k) cos(k∆)− ρ̂(k)2∆2) (9)

φ̂(k) = − ρ̂(k)
2∆2(1− cos(k∆))

≈ − ρ̂(k)
k2

(10)
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Stopping criterion?
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Boundary conditions need to be exchanged between 
processors every step



Tom Theuns

Issues:

• Updating of BCs expensive
• Parallelization

FFTs?

Dominates time

Few blocks at coarse level
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Works well
Mapping of particles to mesh takes >80 % of CPU time

New Implementation:
•use FFTs on mesh
•use GS on further refinements

Tasker et al; Frazer’s talk
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FFT-plane

AMR-blocks
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•Compute density on AMR block
•Set-up FFT planes (FFTW, pFFT)
•Copy AMR density to FFT density
•Perform FFT
•Multiply with Green’s function
•Perform inverse FFT
•Copy potential to AMR potential
•Prolong potential to finer AMR blocks
•Iterate fine potential

May need to restrict.

Pick FFT level

Stopping criterion?
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Wish list / issues
• Massive particles in small cells?
• PP-step for particles
• Isolated BCs
• Isolated FFTs (Refinements)

Multiple timesteps?
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And now for something completely different ...
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The Santa Barbara Cluster Comparison Project: A 
Comparison of Cosmological Hydrodynamics Solutions

Frenk et al ‘99
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The baseline intracluster entropy profile 913

Figure 4. Dimensionless entropy K/K 200 as a function of halo mass M200
at the scale radii r/r 200 = 0.1, 0.5 and 1.0 in non-radiative clusters simulated
with the AMR code ENZO. Squares show entropy at r200, triangles show
entropy at 0.5 r 200, and diamonds show entropy at 0.1 r 200. Solid lines
give the median values of K/K 200 at each radius, and dashed lines give the
corresponding values from the power-law relation shown in Fig. 1. As in
Fig. 2, there are no discernible systematic trends with mass.

the cluster core. Fig. 5 illustrates the discrepancy. This type of dis-
crepancy between SPH and AMR is nothing new. It was previously
hinted at in the Santa Barbara cluster comparison (Frenk et al. 1999),
but that result was not definitive because the sample size was a sin-
gle cluster. Here we confirm it for a large sample of clusters with a
range of masses and simulated with substantially higher spatial and
mass resolution. Thus, we do not attempt to fit an analytical form to
our median profiles within 0.1 r 200; the numerical techniques used
to model this region do not yet give a reliable answer.

Because the primary purpose of this paper is to provide a baseline
profile for observers to use outside the cluster core, we leave a de-
tailed analysis of the reasons for this entropy discrepancy for future
work. It is an important problem to pursue because of its implica-
tions for cooling and condensation of gas within cluster cores. Larger
amounts of entropy production within the core, as in the AMR code,
will more effectively inhibit cooling there, perhaps mitigating the
‘cooling-flow problem’ in clusters of galaxies [see Donahue & Voit
(2004) for a recent review].

3.2 Power-law approximations

Previous theoretical work has shown that the entropy profiles of
non-radiative clusters approximately follow a power law with K (r )
∝ r 1.1 (e.g. Tozzi & Norman 2001; Borgani et al. 2002; Voit et al.
2003), but these efforts have not provided a normalization for that
power-law profile in a form that is useful to observers. Here we
rectify that situation. If we fix the power-law slope of the entropy
profile at 1.1 and fit the SPH clusters in the radial range 0.2 !
r/r 200 ! 1.0, we find

K (r ) = 1.32 ± 0.03 K200 (r/r200)1.1. (5)

Figure 5. Median entropy profiles from cluster simulations without cooling
or non-gravitational heating. A solid line connecting crosses shows the me-
dian profile for the SPH clusters. A dashed line connecting squares shows
the median profile for the AMR clusters. Error bars give the 10 per cent
percentile to 90 per cent percentile range. The long-dashed line illustrates
the power-law approximation K (r ) = 1.32 K 200 (r/r 200)1.1. The dotted line
gives an analytical entropy profile derived from simulations by Rasia et al.
(2004). The dot–dashed line shows the profile K NFW(r ) corresponding to
an NFW gas-density profile of concentration c = 5 that is in hydrostatic
equilibrium within a dark matter density profile of identical shape (Voit
et al. 2002). Note that both of the median profiles agree very well in the
range 0.2 < r/r 200 < 1.0 and that the analytical approximations accurately
represent the median profiles in this range. However, the AMR and SPH
median profiles differ by as much as a factor of 2 within the cluster core.

Doing the same for the AMR clusters yields

K (r ) = 1.41 ± 0.03 K200 (r/r200)1.1, (6)

a normalization just slightly higher than that for the SPH clusters.
Fig. 5 compares the power-law fit from equation (5) with the

median profiles from both simulations and with two other analyt-
ical entropy profiles. One of the analytical profiles is constructed
from the analytical temperature and density profiles developed by
Rasia, Tormen & Moscardini (2004) to fit their SPH models of non-
radiative clusters. The other is the entropy profile of intracluster
gas with an NFW density distribution with concentration c = 5 as-
suming that it is in hydrostatic equilibrium within a dark matter
halo whose density distribution has the same shape (Voit & Bryan
2001; Voit et al. 2002). All of these profiles agree very well with
the power-law profile of equation (5) in the range 0.2 ! r/r 200 !
1.0. Also, the power-law profile remains a good representation of
our SPH simulations down to ≈0.1 r 200. We note, however, that the
Rasia et al. (2004) profile shows much less flattening in the core than
the simulations analysed in this paper, perhaps because it is based
on an earlier version of GADGET that does not explicitly conserve
entropy (see also Ascasibar et al. 2003).

Up to this point, we have been fitting the median profiles with a
K (r ) ∝ r 1.1 power law because that is the standard power-law index
in the literature, and it appears to be consistent with the highest-
quality cluster observations (e.g. Pratt & Arnaud 2003). However,
Fig. 6 suggests that a power-law index of 1.1 might be slightly too
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Figure 1. Plots demonstrating the entropy cores formed in idealised head on mergers of equal mass (1015M!) clusters in the FLASH

and GADGET-2 simulations. The left hand panel shows the entropy distribution as a function of radius, where the data points are the
median entropy value in radial bins and the error bars correspond to the 25th and 75th percentiles. The dashed black line represents
the initial powerlaw configuration. The blue squares and blue triangles represent the default (105 gas particles) and high resolution (106

gas particles) GADGET-2 runs. The cyan squares, green squares, red squares, and magenta squares represent FLASH AMR runs with 5,
6 (default), 7, and 8 levels of refinement, respectively, which correspond to peak grid cell sizes of ≈ 78, 39, 19.5, and 9.8 kpc (note that
r200 ≈ 2062 kpc, initially). The green triangles represent a FLASH run with a uniform grid size of ≈ 39 kpc. The right hand panel presents
the results in a slightly different way: it shows the cumulative entropy distribution [ K(< Mgas) ] as a function gas mass (Mgas), where
the results have been normalised to the default GADGET-2 run (dashed black line) — see text. The solid blue curve represents the high
resolution GADGET-2 run, whereas the solid cyan, green, red, and magenta curves represent the FLASH AMR runs with 5, 6, 7, and 8
levels of refinement. The dotted green curve represents the uniform FLASH run. Here we see that the default GADGET-2 and FLASH

runs are effectively converged.

AMR simulations had systematically higher entropy core
amplitudes than their SPH counterparts. Since this effect
was observed in cosmological simulations, it was generally
believed that the discrepancy may have been about through
insufficient resolution in the mesh codes at high redshift.
This would result in under-resolved small scale structure
formation in the early universe. Our first aim is therefore
to determine whether the effect is indeed due to resolution
limitations or if it is due to a more fundamental difference
between the two types codes. We test this using identical
idealised binary mergers of spherically-symmetric clusters
in GADGET-2 and FLASH where we can straightforwardly
vary the adopted numerical resolution.

3.1 A Significant Discrepancy

As a starting point, we investigate the generation of en-
tropy cores in head on mergers between two identical
1015Msun clusters, each colliding with an initial speed of
0.5Vcirc(r200) = 722 km/s (i.e., the initial relative velocity is
Vcirc(r200), which is typical of merging systems in cosmolog-
ical simulations; see McCarthy et al. 2007). The system is
initialised such that the two clusters are just barely touching
(i.e., their centres are separated by 2r200). The simulations
are run for a duration of 10 Gyr, by the end of which the

merged system has relaxed and there is very little entropy
generation ongoing.

Our idealised test confirms the results of non-radiative
cosmological simulations — that there is a distinct difference
in the amplitude of the entropy cores in the AMR and SPH
simulations. An immediate question is whether this is the
result of the different effective resolutions of the codes. Res-
olution tests can be seen in the left hand panel of Figure 1,
where we plot the resulting radial entropy distributions. To
make a direct comparison with the cosmological results of
VKB05 (see their Fig. 5), we normalise the entropy by (ini-

tial) “virial” entropy (with K200 ∝ M2/3
200 ) and the radius by

the initial virial radius, r200.

The plot clearly shows that the simulations converge on
two distinctly different solutions within the inner ten percent
of r200, whereas the entropy at large radii shows relatively
good agreement between the two codes. The simulations per-
formed for the resolution test span an increase of almost an
order of magnitude in FLASH and an order of magnitude
in Gadget. FLASH achieves good convergence after reaching
an effective resolution of 5123 cells (peak spatial resolution
of ≈ 39 kpc), which is why this run was selected to be the
‘default’ FLASH run. Although with increased resolution the
GADGET-2 simulations show a minor increase in the entropy
within 10% of r200, it is only of order ∼ 5%. We have also
tried a FLASH run with a uniform (as opposed to adaptive)
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Figure 4. Dimensionless entropy K/K 200 as a function of halo mass M200
at the scale radii r/r 200 = 0.1, 0.5 and 1.0 in non-radiative clusters simulated
with the AMR code ENZO. Squares show entropy at r200, triangles show
entropy at 0.5 r 200, and diamonds show entropy at 0.1 r 200. Solid lines
give the median values of K/K 200 at each radius, and dashed lines give the
corresponding values from the power-law relation shown in Fig. 1. As in
Fig. 2, there are no discernible systematic trends with mass.

the cluster core. Fig. 5 illustrates the discrepancy. This type of dis-
crepancy between SPH and AMR is nothing new. It was previously
hinted at in the Santa Barbara cluster comparison (Frenk et al. 1999),
but that result was not definitive because the sample size was a sin-
gle cluster. Here we confirm it for a large sample of clusters with a
range of masses and simulated with substantially higher spatial and
mass resolution. Thus, we do not attempt to fit an analytical form to
our median profiles within 0.1 r 200; the numerical techniques used
to model this region do not yet give a reliable answer.

Because the primary purpose of this paper is to provide a baseline
profile for observers to use outside the cluster core, we leave a de-
tailed analysis of the reasons for this entropy discrepancy for future
work. It is an important problem to pursue because of its implica-
tions for cooling and condensation of gas within cluster cores. Larger
amounts of entropy production within the core, as in the AMR code,
will more effectively inhibit cooling there, perhaps mitigating the
‘cooling-flow problem’ in clusters of galaxies [see Donahue & Voit
(2004) for a recent review].

3.2 Power-law approximations

Previous theoretical work has shown that the entropy profiles of
non-radiative clusters approximately follow a power law with K (r )
∝ r 1.1 (e.g. Tozzi & Norman 2001; Borgani et al. 2002; Voit et al.
2003), but these efforts have not provided a normalization for that
power-law profile in a form that is useful to observers. Here we
rectify that situation. If we fix the power-law slope of the entropy
profile at 1.1 and fit the SPH clusters in the radial range 0.2 !
r/r 200 ! 1.0, we find

K (r ) = 1.32 ± 0.03 K200 (r/r200)1.1. (5)

Figure 5. Median entropy profiles from cluster simulations without cooling
or non-gravitational heating. A solid line connecting crosses shows the me-
dian profile for the SPH clusters. A dashed line connecting squares shows
the median profile for the AMR clusters. Error bars give the 10 per cent
percentile to 90 per cent percentile range. The long-dashed line illustrates
the power-law approximation K (r ) = 1.32 K 200 (r/r 200)1.1. The dotted line
gives an analytical entropy profile derived from simulations by Rasia et al.
(2004). The dot–dashed line shows the profile K NFW(r ) corresponding to
an NFW gas-density profile of concentration c = 5 that is in hydrostatic
equilibrium within a dark matter density profile of identical shape (Voit
et al. 2002). Note that both of the median profiles agree very well in the
range 0.2 < r/r 200 < 1.0 and that the analytical approximations accurately
represent the median profiles in this range. However, the AMR and SPH
median profiles differ by as much as a factor of 2 within the cluster core.

Doing the same for the AMR clusters yields

K (r ) = 1.41 ± 0.03 K200 (r/r200)1.1, (6)

a normalization just slightly higher than that for the SPH clusters.
Fig. 5 compares the power-law fit from equation (5) with the

median profiles from both simulations and with two other analyt-
ical entropy profiles. One of the analytical profiles is constructed
from the analytical temperature and density profiles developed by
Rasia, Tormen & Moscardini (2004) to fit their SPH models of non-
radiative clusters. The other is the entropy profile of intracluster
gas with an NFW density distribution with concentration c = 5 as-
suming that it is in hydrostatic equilibrium within a dark matter
halo whose density distribution has the same shape (Voit & Bryan
2001; Voit et al. 2002). All of these profiles agree very well with
the power-law profile of equation (5) in the range 0.2 ! r/r 200 !
1.0. Also, the power-law profile remains a good representation of
our SPH simulations down to ≈0.1 r 200. We note, however, that the
Rasia et al. (2004) profile shows much less flattening in the core than
the simulations analysed in this paper, perhaps because it is based
on an earlier version of GADGET that does not explicitly conserve
entropy (see also Ascasibar et al. 2003).

Up to this point, we have been fitting the median profiles with a
K (r ) ∝ r 1.1 power law because that is the standard power-law index
in the literature, and it appears to be consistent with the highest-
quality cluster observations (e.g. Pratt & Arnaud 2003). However,
Fig. 6 suggests that a power-law index of 1.1 might be slightly too
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Conclusions:
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Figure 1: Results from the 3D shock test for each hydro scheme tested. The top
and bottom rows of plots shows the density and pressure respectively through
the middle of the simulation box. The 2nd and 3rd rows show a close up of the
shock wave and contact discontinuity.The analytical solution is given by a solid
black line, the [1,0,0] set-up results are shown by a black dashed line or black
‘+’ (for close-ups). The oblique [1,1,1] set-up is shown as a red dot-dash line
and red ‘x’.

planer set-up (black dashed line) and the [1,1,1] oblique set-up (dot-dashed red).
The analytical solution is shown as a black solid line and requires a shock at
x = −0.117 and a contact discontinuity at x = −0.045. All codes do a reason-
able job at following the analytical solution, with the shock, rare-fraction wave
and contact discontinuity all in the correct places. However, the sharp interface
needed to represent the shock front is reproduced significantly better in the
grid-based hydro schemes used by Enzo. Between Enzo’s two hydro methods,
PPM does the best job, spreading the shock over three grid cells rather than
the five used by ZEUS. The upward dip that can be seen at the top most shock
edge in the PPM results comes from the artificial thinness of the initial shock
front. By contrast, Hydra smoothes the shock over many particles, and is un-
able to produce a sharp interface. In the oblique case, this smoothing causes
neighbouring shocks to merge at the periodic boundary, while with Enzo they
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Figure 2: Results for the three-dimensional shock test. Top: thermal energy,
middle: velocity and bottom: entropy

remain separated at this time.
The contact discontinuity (third set of images in Figure 3.1) produces similar

results with Enzo’s PPM scheme producing the closest match to the analytical
solution. Hydra does a better job with the contact discontinuity than with the
shock front, but still significantly smoothes the interface. The pressure (bottom
panel) also displays the shock front which is again matched best in the grid-based
schemes. Hydra shows a variance in the pressure over the contact discontinuity
that appears in this plot.

Interestingly, neither Enzo nor Hydra show any preference for alignment.
Both show equally good matches to the analytical solution for both the planer
[1,0,0] set-up and the oblique [1,1,1] initial conditions.

Figure 3.1 shows the thermal energy, velocity and entropic function (s =
T

ργ−1 ) through the centre of the simulation box. All codes do a good job at re-
producing these values although Hydra slightly overestimates the thermal energy
and ZEUS fractionally underestimates it. Hydra also shows signs of ringing in
the velocity plot, where the velocity values follow a sinusoidal curve rather than
a constant value. Again, there is no noticeable difference between the [1,0,0]
and [1,1,1] set-ups with both the particle and grid code results independent of
the orientation of the initial conditions.
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Figure 5: Results from the static cluster test at 1.5Gyrs. From top to bottom,
plots show the density, temperature and entropy profiles.

In the second part of this test, the cluster is given a bulk velocity to see if
this has any adverse effect on the cluster’s shape.

4.1 The static cluster

The model used for the galaxy cluster is the King Model (Padmanabhan, 2002),
which was chosen because it processes a finite radial cut-off, and is therefore a
well defined problem for a code comparison. Its form is based on the distribution
function:

f(ε) =

{
ρc(2πσ2)−3/2

(
eε/σ2 − 1

)
ε ≥ 0,

0 ε < 0

where ε = Ψ − 1
2v2, the coordinate change for the shifted energy, ρc is the

central density and σ is related to (but not equal to) the velocity dispersion.
The resulting density distribution of this cluster vanishes at the tidal radius, rt.
Integrating over all velocities yields a density distribution:
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Figure 7: Plots of the projected density through the centre of the simulation
box. Shown in black is the profile at the start of the run and in red is the profile
1 Gyr later.

same position (periodic boundary conditions were used to make this possible).
(With Enzo, due to trying to keep the memory usage down, I kept to a 3

Mpc box with a cluster velocity of 2933 km/s. This circles the box in 1 Gyr.
PPM results still problematic *sigh*).
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